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1. In the older forms of the Undulatory Theory of Light, the propagation of the waves 
was traced by means of Huygens' principle ; each element of a wave front was 
regarded as becoming a source of disturbance from which secondary waves are 
emitted. The principle is indefinite, inasmuch as the nature and intensity of the 
sources of secondary waves are unrestricted, save by the conditions that the secondary 
waves must combine in advance so as to give rise to the disturbance actually pro- 
pagated, and must interfere in rear so as to give rise to no disturbance. That these 
conditions are insufficient, for the complete determination of the nature and intensity 
of the sources in question, is proved by observing that different writers, proceeding by 
different methods, have arrived at different expressions for '' the law of disturbance 
in secondary waves,'' all these expressions satisfying the imposed conditions.^ 

In the more modern forms of the theory, the propagation of the waves is traced by 
means of a system of partial differential equations. This system has the same form, 
whether we regard the luminiferous medium as similar in its mode of action to an 
elastic solid, transmitting transverse waves, or regard light as an electromagnetic 
disturbance obeying the fundamental equations of the electric field. In both cases it 
appears that all the components of the vector quantities which represent the dis- 
turbance satisfy a partial differential equation of the form 9^<^/3^^ = c^ v ^<j!). 

2. This equation is the same as occurs in the Theory of Sound. It has been 
integrated in two ways. PoissoNt expressed the value of <^, at any point, at time t, 
in terms of the initial values of (/> and 9^/3^ on a sphere of radius Ci^, with its centre 
at the point. KiuchhoffJ obtained a more general integral, in which the value of ^ 
at any point is expressed in terms of the values of <jf), 9(^/9j^ and 9(^/9^ on a closed 
surface S, separating the point from the singularities of the function </>, dv being the 

^ Lord Eayleigh, " Wave Theory of Light," ' Encycl. Brit.,' 9th ed., vol. 24, pp. 429, 453. 
t ^Mem. de I'lnstitut,' vol. 3 (1820), p. 12L Of. Lord Eayleigh, ' Theory of Sound,' vol. 2, ch. 14. 
X ^Wied. Ann.,' vol. 18 (1883), p. 663; or ' Tories ungen ii. math. Optik' (Leipz. 1891), pp. 23 et seq. 
The result is given explicitly in equation (2) of § 7, infra. 

YOL. cxcvn. — A, 287 b 17.7J901. 
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element of the normal to S, Kiuchhoff's integral can be shown to include Poisson's 
by taking, for S, a sphere, of radius ot^ with its centre at the point. In the case of 
sound, or for any scalar disturbance, Kirchhoff's integral is directly interpretable in 
terms of imagined sources of disturbance situated on the surface S ; for all the 
quantities that occur can be interpreted in terms of condensations and velocities. It 
might thus be regarded as providing an exact equivalent of Hitygens' principle,'^' if 
the disturbance involved were of a scalar character. Its application to light is open 
to criticism (see § 8, ivfra). 

Besides satisfying the partial differential equation d'^'i^jdt^ ■=^ c^ V ^</>, the components 
of a vector quantity, propagated by transverse waves, are also subject to the circuital 
condition ; and the problem of integrating the system of equations is, accordingly, 
not the same as the problem of integrating the single equation satisfied by the several 
components. Sir G. Stokes! lias attacked the more general problem, by extending 
and transforming Poisson's solution of the single equation. He has shown that the 
comxponents of the disturbance at any point 0, and at any time ^, can be expressed 
as the sums of two parts, one depending on initia.1 values on a sphere of radius c^, 
with its centre at the point 0, and the other depending on initial values in space 
outside this sphere. | The latter part is relatively unimportant when, as in the 
applications made by Sir G. Stokes, the radius of the sphere is great, compared with 
the v/ave~length of the disturbance ; the former part has precisely the character 
required for representing transverse vector disturbances, and it admits of transforma- 
tion to a form in which it expresses the radiation received at the point as due to 
secondary waves sent out from surfaces other than spheres with their centres at 0, 
The transformation to a plane wave front was given in the paper above quoted, and 
the results, which were deduced from this form of the integrals of the system of 
equations, have had a very important bearing on the development of the theory. 

3, The object of this paper is to present an investigation of a new system of 
integrals of the system of equations that govern the propagation of transverse vector 
disturbances, and to exem^plify the use that can be made of such integrals. The 
components of the vectors that constitute the disturbance ought to be expressible, as 
in. Kirchhofe's solution, in terms of surface values on an a.rbitrary surface ; the 
elements of the integrals ought to be quantities characteristic of transverse vector 
disturbances, as in Sir G. Stokes's solution ; and the results ought to admit of inter- 
pretation in terms of sources of disturbance of definite types, as Kirchhoee's result 
does when applied to sound waves. It is shown that the method developed by 
KiRGHHOEE can be adapted to the system of equations in such a way as to lead to 

■^ It is so regarded by Kirchiioff (loc. at.), by PoiNCARE, ' Theorie math, de la Lumiere,' vol. 2 (Paris, 
1892), ch. 7, and by Drude, ' Lehrbucli d. Optik.' (Leipz., 1900}, p. 167. 

t ''On the Dynamical Theory of Diifraction," ' Camb. Phil. Soc. Trans,,' vol. 9 (1849), ^Papers,' vol. 2, 
p. 241. 

\ See equations (29) and (30) of the paper above quoted, ' Papers,' vol. 2, p. 268, 
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results of the kind described, and in particular that the disturbances can be regarded 
as due to sources of two definite types. A source of one of these types is similar to 
an infinitesimal Hertzian vibrator. The character of the most important part of the 
radiation from such a vibrator is well known ; it is periodic, with a damping coefii- 
cientj and is related in a definite way to a particular axis.^^ The radiation from a 
source of the corresponding type is related in the same way to the axis, but its mode 
of dependence upon time is arbitrary. The assumption of infinite trains of simple 
harmonic radiation, with or without damping coefficients, is an unnecessary restriction 
of the mathematical formul^^ and is inadequate to represent many phenomena. The 
other type of sources is ariived at by interchanging the rdles of tlie electric and 
magnetic forces in the type that is similar to Hertzian vibrators. There is a theorem 
that disturbances, which can be represented as due to sources of both types, may also 
be represented as due to sources of a single type, just as acyclic irrotational motions 
of incompressible fluid may be regarded as due to sources and double sources, or to 
sources only.f 

4. A very general system of integrals of the system of equations that govern the 
propagation of waves having been obtained, it is natural to inquire after an expression 
for the law of disturbance in a secondary v/ave that shall accord with these integrals^ 
The expression arrived at is rather simpler than that given by Sir G. StokesJ as 
regards the intensity of the secondary waves, but rather more complicated as regards 
the orientation of the plane through the direction of displacement and the direction 
of propagation. This plane is either the plane of polarisation of the secondary wave, 
or else it is at right angles to that plane. At one time it might have been interesting 
to pursue the question further, and to determine the conclusion, as regards the 
relation of direction of displacement to plane of polarisation, that could be drawn 
from the new integrals ; but the question is not now of importance, since it is certain, 
on many grounds, that the plane of polarisation of light contains the magnetic force, 
and is at right angles to the electric force. 

5. [Partly re-ivritten March, 1901.] — Apart from this question of the plane of 
polarisation of scattered waves, the chief use of a law of disturbance in secondary 
waves is found in the solution by elementary methods of problems of diffraction ; this 
use is not affected§ by such differences as exist between the law here found and that 
obtained by Sir G. Stokes. But, in connexion with the application of any such law 
to problems of diffraction through apertures, there also arises the question of the 
distribution over the aperture of sources that would give rise to the transmitted 

"^ The relation to the axis is the same for the forms given by Hertz, ^ Electric Waves/ p. 143, as for 
those given by K. Pearson and Alice Lee, 'Phil. Trans.' A, 193 (1899), p. 159. The forms given in 
§ 1 3 include both. 

t Lamb, * Hydrodynamics,' pp. 66 and 67. 

J * Papers,' vol. 2, p. 286. 

§ Lord Eayleigh, * Wave Theory of Light,' p. 453. 
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radiation. When there is no screen, such sources are determined for any imagined 
hounding surface simply and directly by the incident radiation. [But, when there is a 
screen, the distribution of the sources is not determined in the same way by the 
portion of the incident radiation that would come to the aperture if the screen were 
away. It is proved below that the state of the medium on that side of the screen to 
which the incident radiation comes can be expressed by means of two superposed fields 
of electric and magnetic force. The forces of one of these fields are exjDressed in 
terms of integrals taken over the surface of the aperture ; and the corresponding 
disturbance is a system of standing waves, the amplitudes of which diminish rapidly 
as the distance from the aperture increases. This disturbance can be described as the 
'^ effect of the aperture.'^ The forces of the other field are determined by the actual 
sources of radiation and the boundary conditions that hold over all the unperforated 
portion of the screen. This disturbance can be described as the '^ incident radiation, 
as modified by the action of the screen." It is proved that, when the latter 
disturbance is known, the system of standing waves, described as the effect of the 
aperture, is also known. Further, it is proved that the distribution, over the aperture, 
of sources that would give rise to the transmitted radiation, is determined by the 
incident radiation, as modified by the action of the screen, in the same way as, if 
there were no screen, it would be determined by the incident radiation, unmodified. 
The ordinary optical rule ignores the modification of the incident radiation by the 
action of the screen, and the success of this rule appears to show that the effect of 
this modification on the transmitted radiation is practically unimportant when the 
wave-length is short.] 

6. The results obtained, in regard to the effect of an aperture, can be applied also 
to the problem of the communication, of electrical vibrations from a condenser to the 
external medium, the outer conducthig sheet of the condenser being perforated by a 
small aperture, for, in this case, full account has been taken of the boundary- 
conditions at the conducting surfaces in calculating the normal modes of vibration. 
The communication of electrical oscillations from an electrical vibrator to the 
surrounding medium presents a problem, which has hitherto been solved in a few 
very special cases. The best known example is that of a spherical conductor, over 
which, at some instant, charge is distributed otherwise than according to the 
equilibrium law. The waves emitted have definite periods, but they decay so rapidly 
as to be practically dead-beat.^' Such a system sends out into the medium a pulse 
of radiation, rather than a train of radiation. The greater permanence of the 
vibrations of Hertz's ^' resonators,'' and of condensing systems, has been connected 
with the existence of greater electrostatic capacity f in such systems ; but no 

^" The problem is solved by J. J. Thomson, ^Eecent Eesearches,' pp. 361 et seq. The rate of decay 
of the oscillations is discussed on p. 370. 

t J. J. Thomson, ' Eecent Eesearches,' p. 396. Cf. J. Larmor, ' London Math. Soc. Proc.,' vol. 26 
(1895), p. 123, footnote. 
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problem of the decay of oscillations of a system with large capacity, through the 
gradual transmission of the energy to a distance, has so far been solved. For a 
condenser with concentric spherical conducting surfaces, the outer conducting sheet 
being very thin, and having a small circular aperture, the problem can be solved by 
means of previously known analysis and of results obtained in this paper. It 
appears that, so long as the outer conducting sheet, and the size of the aperture, 
remain the same, the rate of decay of the oscillations diminishes, as the capacity 
diminishes ; the oscillations of a condenser with small capacity, obtained by making 
the radius of the inner sheet small compared with that of the outer, are much more 
slowly damped than those of a condenser of large capacity, obtained by making the 
radii nearly equal. This result applies to the oscillations of high frequency, 
involving a large number of nodes, as well as to those of lower frequency ; and it 
suggests that the comparative permanence of the oscillations of condensing systems 
is to be traced, rather to the screening action, than to the increase of capacity. "^^ A 
further result, that the oscillations of high frequency and many nodal divisions, are 
more rapidly damped than those of lower frequency and fewer nodal divisions, is in 
accordance with the conclusions arrived at by Sir G. Stokes,! for the like problems 
concerning sound. 

\_Added^ March^ 1901. — Since the paper was sent in, I have found that a similar 
method of integration has been employed by V. Cerruti, ^ Rome, R. Ace. Lincei, 
Rend.,' 1879-80, for the equations of small motion of an elastic solid. The funda- 
mental particular solutions, there used, are the same as (17) of § 11 infra; and the 
solution of the problem of the vibrations of a solid, with a given boundary, over which 
the displacements, or the tractions, have assigned values, is developed on the basis 
of an existence-theorem, of the same kind as that assumed in § 21 ; no application is 
made of the results to problems of radiation.] 

KiRCHHOPF's Integral 

7. Suppose that (^ is a function with the following properties : 

(1) Outside a given closed surface S, ^ and its first and second differential coeffi- 
cients, with respect to x^ y^ z^ are everywhere finite and continuous ; 

(2) <j) vanishes at infinite distances from S ; 

* March, 1901. — Mr. Larmor has called my attention to the fact that the work in the paper does not 
show that cdl methods of increasing the capacity, without altering the outer conductor or the aperture, 
are accompanied by increased dissipation. For instance, the capacity of the condenser might be increased 
by displacing the inner conductor relatively to the outer, without altering its size and shape, or by 
replacing part of the dielectric plate by conducting material. In such cases there are some analogies with 
other physical problems, which suggest a diminished rate of dissipation. Against them must be set the 
analogy with the problem worked out in the present paper. 

t ' Phil. Trans.,' vol. 158 (1868). 
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(3) <f> satisfies the equation 
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at all points outside S, c being a definite constant, and v^ denoting the operator 
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The value of </) at any point outside S, and at time t^ can be expressed as a 
surface-integral taken over S ; in fact this value is 
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where dv denotes the element of the normal to dS drawn outwards {i.e.^ into the 
region of space where is situated), and the expressions in square brackets [ ] are to 
be formed, for each point of the surface, at the time t — r/o, r being the distance of 
the point of the surface from the point 0. 

This theorem v/as obtained by Kikchhoff'^' by an application of Green's theoremt 
to the function ^ and an auxiliary function V, whicii satisfies the equation (l) at all 
points except 0, and has the form 



F (r + Gt) 

r " 



(3)> 



where F is a function to which suitable properties are assigned, 

8. [Partly re-ivritten March, 1901.]— If ^ were the velocity potential of sound 
waves in air, the terms of (2) that contain [<f] and [d(j)/dv'] would be interpretable in 
terms of velocity, and those that contain [9^V9<^"] would be interpretable in terms of 
condensation ; the expression (2) would represent the motion at any point as due to 
sources of definite types distributed over the surface S. But, if ^ is one of the 
components of a vector quantity, propagated by transverse waves, [3<^/9?^] has no 
physical significance, and the expression (2) cannot be interpreted in terms of appro- 
priate sources of disturbance. 

Again, the expression (2) may be interpreted as showing that every element of the 
surface S becomes the centre of diverging secondary waves. If (jy is one of the com- 
ponents of a vector quantity, and the primary waves are transverse, the application 
of KirchhofFs theorem is open to the criticism that the secondary waves are not always 



^ ' Vorlesungen ii. math. Optik,' pp. 23-27. 

t The theorem referred to is the one expressed by the equation 
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transverse, although, when synthesised, the disturbance, to which they give rise, is 
transverse. 

[The criterion of transversahty of a vector disturbance, propagated by wave motion, 
is that the vector concerned is everywhere circuital ; and this impHes that, in the 
case of diverging waves, the direction of the vector tends, at great distances from the 
source, to be at right angles to the radius, drawn from the source. Now, if we take, 
for example, the electric radiation represented by the expressions in § 13 infra ^ and 
choose, as the surface S, a sphere, with its centre at the source Q, the magnetic force 



MagneCic force 




A:ris 



If 



Fig. 1. 



at the point Z (x = 0, ^ = 0) would be parallel to the axis y. Kirchhofp's integral 
would represent the magnetic force, at any point 0, as made up of components, con- 
tributed by secondary waves, diverging from the elements of S ; and, in the wave 
diverging from Z, the magnetic force would be everywhere parallel to the axis y. It 
can be verified readily, by forming the expression for this force, that it is not circuital ; 
but it can be seen at once, without forming this expression, that the secondary wave 
is not transverse ; for, at any distance, however great, it is not at right angles to the 
radius vector ZO, unless is in the plane {x^ z). The particular example is sufficient 
to substantiate the criticism ; but a little reflexion shows that there is nothing 
peculiar to the example. In general, let (a, ^, y) be the vector, and suppose that at 
some point the direction of the vector is independent of the time, we may take the 
surface S to pass through the point, and take the axis y parallel to the direction of 
the vector at the point ; then a and y vanish ; the equations a = and y = will 
represent two surfaces passing through the point, and we may take the direction of 
the normal to S, at the point, to be the line of intersection of these surfaces. Then 
a, da/dt^ da/dp and y, By/dt, dy/dp vanish at the point, at all times. In the secondary 
wave sent out from the point, the vector is everywhere parallel to the axis y ; and, 
accordingly, the secondary wave is not a transverse wave. 
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Equations of Propagation of Electric Waves. 
9. The equations of propagation of electric waves in free aether are 



1 3 

at JS^^ X . £^ I 
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1 9/ o N 

dt ^"' ^' y^ 



curl {a, A r) 
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/dSOStH* 
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where (X, Y, Z) denotes the electric force, measured electrostatically, (a, ^, 7) the 
magnetic force, in electromagnetic measure, and c the velocity of propagation of 
electrical effects. I propose to adopt, as a means of formal simplification, and without 
attaching to it any definite physical meaning, the view* that (a, /3, y) may be regarded 
as a " generalised velocity,'^ and to introduce the corresponding '^ generalised 
displacement '' {u, i\ to), so that 



3 

g^ {% % ^^^) = (^, A r) 



. (5). 



I also introduce the vector (/, g, h) by the equation 

(/? 9, h) =: curl (u, i\ iv) . 



9 9 



' . (6), 



so tha.t (/, g^ h) is twice the " rotation" corresponding to the displacement (t^, t;, w). 
The first of equations (4) becomes 



I y\.« i 6 £lj J •»«— « 01/* (/ « '^'' / 
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• (7): 



and, according to the view above referred to, this equation may be regarded as 
expressing a purely kinematical relation, while the second of equations (4) gives the 
equations of motion of the aether. They are 
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dt 



c 



■a 

3 {ic, %\ tu) ~ c^V^(tt, V, id) 



e e St & 



. , (8). 



with the circuital relation 
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dx 3?./ 
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(9). 



Further, it is convenient to derive (w, v, id) from a vector potential (F, G, H) by 
the equation 

(u, V, w) = curl (F, G, H) . . . . , . , . (10), 



* J. Larmoe, * Phil. Trans./ A, vol 185, Part 11 (1894). 
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taking (F, G, H) to satisfy the same system of differential equations (8) and (9) as is 
satisfied by {u, v, iv). The vectors (/, g, h) and (F, G, H) are connected by the 
equations 

(/,.g,A) = -V^(F,G,H) = -c-^|(F,G,H) . . , . (II). 
It is also convenient sometimes t(j quote the fundamental equations in the forms 



9^ (/' 9^ /') = curl (a, /3, y) 

1 3 

^ dt ^"' ^' '^^ ~ *^"^"^ ^^' ^' ''^^ 



K\i^)i 



The quantity {f\ (/, li) will sometimes be called tlie '' electric displacement" ; it is 
the product i)y 47r of the quantity so denominated by Maxvveli;. ; tlie (piantity 
{xh, V, to) will sometimes be called the '' magnetic displacement." Maxwell's vector 

potential would be expressed, in the above notation by ^ (F, G, H). 



Special Types of Solution, Sources of Disttirhcmce. 

10. It has been pointed out that Kirchhopf's method of integration of equation 
(1) depends on the application of a certain reciprocal theorem to two sohitions of that 
equation, one of the two having the form (3). When we seek to apply a similar 
method to the system of equations (8) and (9), we are met at the outset by the 
difficulty that no simultaneous solutions of the form (3) exist, and by the necessity of 
devising some forms of solution, which shall become inlinite at the origin, and contain 
arbitrary functions. If we regard the form (3) as corresponding to tlie solution r™^ 
of the equation v^<^ = 0, the appropriateness of seeking for solutions of the system 
(8), which correspond to spherical harmonics of order different from zero, at c^nce 
suggests itself 

If in equation (1) we put 



'U-) 



where S;, is a spherical surface harmonic of order n, and <p,, is a function of r and t, we 
find for ^,, an equation which can be written 



9"^ n{n + 1)1 / , s 1 3" . , . 



By using the relations 



'h- 



^- rpi 



The method has been used by E. K. Webb in the discussion of EioCATl's equiition ; it is indicated by 
J. W. L. GIlajbhem, a^hil. Trans.,' vol. 172 (1881), p. 804. 

VOL. excvii. — A. 
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whei'e F Is any fuiictioii of v, we find for ^ the form 
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(13) 



where F and /are arbitrary functions. 

It is now easy to write down simultaneous solutions"^^ of the system of equations 
(8) and (9). Taking w^^ to represent a spherical solid liarmonic of positive degree n, 
and writino; 

,^0 = F (r + 0^) +/(r - c^) , ....... (14), 



a set of sucli solutions is given by the equation 
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n.nd a second set of sucli solutions is obtained by taking the curl of tlie first set. We 
should iind for example, after a little reduction^ 
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The solutions given by (15) may be referred to as "solutions of the first type/' 
and those given by equations such as (16), as '' solutions of the second type." 

11. For our immediate purpose it will be sufficient to take n = 1 and m^ = x. The 
components of a vector which yields a solution of the first type are 
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\ r-" or 



,J^ 



' 



y 



1 0<j>Q 

j3 ^J, 



1..0 r 



' 



• m 



and the components of the curl of this vector are 
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(18). 



* When the fuiictioiis tlmt occur arc simple harmonic functions of the time, the sohitiou of the 
simplified system of equations is well known. Bee Lamb, ' Hydrodynamics,' pp. 487 and 555 d saj. 
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In these expressions (J)q is any solution of the equation 






It is worth while to observe that the components of the curl of the vector repre- 
sented by (18) are 

7' 



^' ^(^^^3^^ r"^]' y\^l)i^ 7- dT^I ' ' ' ^^^^' 



12. We may use tlie results just obtained to describe two types of sources of electro- 
magnetic disturbances. We shall take (^q to be a function of ct ■— r, say 

cj)^ :=. cf) (^Gt — r) =^ (j) , (21). 

In the case of sources of the first type, the magnetic force is axial, and the lines 
of electric force are circles about the axis ; when the axis is the axis of .r, the vector 
potential has the form 



^: / . . r ' \ i^y / ; I ^' 



o> :A^ + -o^)' -tM'^+c^)' (^^) 



the magnetic displacement has the form 
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(28) 



and the electric displacement has the form 

0' -:^(^ + l^' ^ki^ + Ti'i^' • • ■ ■ (24). 

In these formulae the dots denote partial differentiation with respect to the time. 
The axis of the source is the axis of x, corresponding to co^ r=: .^ in § 11 ; when the 
axis of the source is in the direction (l\ m\ n)^ the result will be obtained by adding 
the expressions for the component vectors due to sources in the directions of the 
axes, and given by putting Vdj), nicj) and 7i^(f} in place of </> (with cyclical inter- 
changes of the letters x, y, z). If the source is at the point {x\ y\ z), instead of the 
origin, we have to write x — x\ y -— y\ z — • z' in place of x, y, z, and take r to be the 
distance of {x^ y^ z) from {x\ y\ z). 

13. In the case of sources of the second type, the electric force is axial, and the 
lines of magnetic force are circles about the axis ; when the axis is the axis of x, the 
vector potential has the form. 

c 2 
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rti'j 



3 ^' ± '--- (* + H * 



y-' + z 



• 8 



a;?/ 









r2 



,,5 '^^+ 3^-(/> + -, <p); 



the magnetic displacement has the form 



0, 



ifx + 'rx 



c 



:^ X + ;;x 



T 



V, 



w 



here 



X 



c 



9 • 



and the electric displacement has the form 



3 



y^ 4- ^' 



r 



x+cx;+ 









r->C 



X 






^,<^ 



7' 



9 



7o\^X + ^nX + .73 X 



c 



c^ 



9 6 e fl $ 



--' 



"^ 



v^ 



(25). 



(26), 
(27), 



(2oj. 



The most important part of the radiation due to a Hertzian vibrator appears to be 
of this type/^' 

The functions cf) and x? which figure in the expressions for the electric and magnetic 
displacements due to sources of the two types, will be referred to as the ''radiation 
functions '' for the sources. 

In. the expressions here obtained the source is at the origin, and its axis is the 
axis of X ; the expressions for the displacements due to a source, of arbitrary position 
and direction, can be deduced as before. 



The Reciprocal Iheorem. 

14. Let (t^, V, iv) be a possible system of magnetic displacements, and (/, g, k) the 
corresponding electric displacements, which are free from singularities in space 
bounded by one or more closed surfaces, denoted collectively by S. Then t^, , . . are 
functions of x, y, %, t, which, with their first and second differential coefficients, 
are finite and continuous throughout this space. Denoting dififerentiation with 
respect to t by a dot, we observe that the equations of motion might be obtained by 



X 



transforming' the variation of the Action function 1 



dt 



^U^ + ^)3 + ^/;3 _ ^f^p + ^3 + W)\d7 



■^ Hertz, * Electric Waves,' p. 143. 



t A factor I/Stt is omitted. 
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according to the rules of the Calculus of Variations. If then, in the variation 



2 \dt \\\{^8u + vSv + wSw - c^ (/S/+ gSg + hSh)]dT, 



we replace ^u, . . . hy a second system* of possible displacements tt, . . . we shall 
obtain a symmetrical expression 



{\{{uu + vi/ + wib' - Q?{ff' + gg' + M')}c?t . 

'^ 2 J 



• (29), 



which admits of a similar transformation ; and the result obtained, when simphfied 
by means of the equations of motion, will consist of the volinne integral of a perfect 
differential coefficient with respect to t^ and a surface integral. The symmetry of 
the expression (29) then leads to the reciprocal theorem. 
We have 

{uu + vv + ww') dr = h ^ (uu + vv + "i^^w") — {ihi + vv' + wv/)dr, 

the volume integrations being taken through the space bounded by the surfaces S. 
Also, denoting by /, m, n the direction cosines of the normal to S drawn into this 
space, we have 



iff^ + gg' + ^^/^') dr ^ — {{g7i — hm) it + {hi —fn) v^ + {f?7i — gl) 'iv]d8 

'dg dh\ , , /dh Bf\ , , /a/ dg\ , 




>dT. 



Hence the expression (29) becomes 



«'^^ + cM'|— ll^+i-' 






+ iv^ 



.. 2 fdg dh 

\ a? ■ dyj J ^ 



d'i 



+ ^, {uvJ + vv + %biv) dr + ^^ 1 {{g^ — hm) u + [hi —fn) v^ + {fm — gl) w'] dS. 

The first line vanishes identically ; and, from the symmetry of the expression (29), 
Vv^e deduce the reciprocal theorem 

J g- {uu + vv' + ww^) dr + <^M j {{g^^ — hm) v! + {hi — fn) v + {fm — gl)iv} dS 

y^ {u'u + VV + tl/w)dr + c^ I {(^'^ — h^'in)u + (7^7 — /%)t' + (/^m — ^97)^^;] (iS 

. . . (30). 



•X- 



The second system, as well as the first, satisfies the fundamental equations. 
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We integrate this equation with respect to the time, between tw^o fixed values ^q 
and ti, and we thus obtain the equation 



dt 



[ti {f/n — Nm) + V (111 — /%) 4" wif'in — gl) 



I 



f{v^n — tv^m) + 9 ('^^'^ "^ '^-^'^^ ) + ^^ (tim — i/l) ] dS 



G' 



{fm! — i'At 4" '^'■^'^ "**" '^''''^' 4" '^^^'''^■^•'^' °™^ wtv) dr 



e » -3 



S 3 



(31), 



If the fimctions involved are such that the vohnne integral on the rio^ht vanishes 
a.nd tliat the order of integrations on the left can be interchanged, we have 



rh 



dS {'^^{g'i'^ "*" h'm) + v{}hl —f'n) + iv[f'm — gl)}dt 






= \\dB\ {if^\gn — lim) + v{ld. --- fn) + w{fm — gl)}dt . . . (32). 



This equation plays the same part in the pi^esent theory as Green's equation 



d(i> 



J J vJi/ J J UV 



V and ^ being harmonic, plays in the Theory of Potential 



Litegration of the General Equations. 

15. We shall now suppose the boundaries of the region of space, to which the 
theorem of § 14 is applied^ to be (1) a closed surface cr^ containing none of the 
singularities of the functions u, v, tv, (2) a small sphere o-^ with its centre at a 
point O, inside cr^^. Then, taking as origin, we shall assume for u\ v\ tv\ the 
expressions (17) of § 11, and for f\ g\ li the corresponding expressions (18). For 
I, m, n at a^ we have to put x/r, y/r, z/r, and the contribution of cto to the left-hand 
member of (3l) becomes 



f 



In 



2 fd^^ ^^ I 1 /3'~^^o 3 9(^, 






dt\ {vz ~ ..^)|,^^(^---) + ^^.(^'- :i-^' + ^4>^\d., 






dt 



O I .o 



la 






e D « s 



i ( tif'i )» 



We take ^^ to be of the form. <;&(r + c/.), so that 

3(^(3 1 3^ 



r C vt 



'^1 ? 



s a 9 



9 ? S 9 



• ('^4), 
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and suppose"^^ that tlie function (j) is very nearly zero for all values of its argument ^, 
except such as lie in the interval between ■— {q and Ci^ where Co ^^^d Ci ^^i'^ two very 
small f)ositive numbers ; further, we suppose that between these values <^(^) becomes 



so great that 



<p{Odc= I . 



* « 4 » 



S * S 



, (35). 



-^0 



We may then choose ^q ^^^d t^ so that, if r^ is the radius of the sphere ctoj 



Tq + c^o < - ^0^ ^i^d ro + ctj > C^ ; 



then we shall have 



V^,./i = -J- f V (0 dl = ' 



{) 



■So 



ri: 



8^0 






and, provided r^ is sufficiently small, these will hold for any negative value of t^ and 
any positive value of f,. 

With this choice of ^>q, the second line of tlie expression (33) becomes — | 47r/QC"*"' 
in the limit, when r^ is indefinitely diminished, /[, being the value of/' for tlie point O 
and the time ^ = 0. 

In the first line of the expression (33) we develope v and iv in such forms as 

V =: (i)g -{- X (-^~] + 2/ ( — ) + ^^ ( V" ) + terms of higher order, 
where ( )q indicates that the value at O is to be taken ; we observe that 






ar3 







-^0 



and find that, when Tq is diminished indefinitely, the limit of the first line is 
same as that of 



ffrfS 



..3 






^( 



nA' 



dt^ 



or it is — |- iTrJ^f^K 



* 



The process is adapted from Koichhoff, ' Optik/ pp, 21^ 25. 
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Accordiiiglyp the contribution of cr^ to the left-hand member of equation (31) is 

In obtaining this result, we have interchanged the order of the integration with 
respect to t and the integration over the surface o^^. This step is certainly permissible 
if the subject of integration is, in each case, a continuous firnction of x^ y^ z^ t^ for all 
the values that occur. Equation (35) and this condition can be satisfied in any 
number of ways, and, in particular, by taking a very large value of /x, and putting, 
after KmcHHorr, 



•^(0 






(36)^ 



provided we suppose that Tq is small of order /x^^l 

With the same choice of ^q, t^^ ^^, the right-hand member of ecpiation (31) can have 
the limit zero. For tliis it is sufficient that, for all points between cr, and a^, the 
quantities u\ v, tv^ and tl', v\^ w should be ultimately 'mm when t is either ^ or ^,. 
This is the case if r + c^^ is negative and r + ^'^i is positive for all values of r tliat 
occur. Equation (31) then takes the form 



. J 



d8 I dt{'U^ {mh — 7ig) + 'y' ('^l/— ^^0 + '^^' (Hi ^ '^^\f) 



-\-f^ (mw — nv) + g{nu «— Iw) + h'{lv — mu)] = 47r/y(r 



im 



wliei'e the surface integration is taken over ctj only. 

The quantities u\ v\ w^ and f\ (j\ N have values, wlilcli are not extremely near to 
zero, oidy when r + Ot is very near to zero, r being tlie distance of a point on tlie 
surface from the point 0. The integration witli I'espect to t, in tlie left-hand member 
of (37), can accordingly be carried out by observing the rules 



■^» 1 



'',,3^0 i,_ i 



X 



d'. 



dt 



r 



G 



8^0 



dt 



h 






dt 



M"x?** 



df 



ti^ 



G 



9o n/^^ 



1 [^' 






dt = 










I ^ 



1 /d-x\ 



c 



c 



We thus find for the value of /^ at the point O, and at the time ^ = 0, tlie 



e( 
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47r/o = 



d8 



5 {^9 - '^/) + '- (Ig - ^nf) 



^^W-l^V'^[nf 



ih) > 






7 






? 



J 



Q 



y" + ^" 






-.3 



4" "f 1 3 (nt6 — ho) + 3 - (^'U — Iw) + — (^'^'^ -— Iw) 






xz 



3 {Iv — mt^) + 3 " (^t) -— m'u) + ^ (fo" — mil) 



. (38), 



C' 



in which the values of t/, 'U, ... A, at any point of the surface, at time t = — ' 
are to be calculated, and the integral formed with these values. 

16. In this equation, the point O is the origin, and the point (x, y, z) is on the 
surface We can express the value of /*, at any point {x, i/, z), and at any time t, by 
suitable changes. We have to write x — x^ if — ?/, z^ '— z for x^ y^ z^ and, in the 
expressions for u^ u . . o in terms of x\ y\ z! and ^, we have to substitute for ^, 
t — r/o, where v is the distance between the points (x^ y^ z) and [x\ y\ z^). Further, 
when the form of /has been obtained, the forms for g and h can be written down by 
symmetry, and the forms for u, v, tv can be deduced from those for / ^, h^ by writing 
F, G, H instead of i^, v^ iv^ and u, v^ w instead of/ g, h. 

It is convenient to have, for reference, the explicit expression of the results. For 
u, f , IV we have 



Ami 



dS 



y -y 



r 



»o 



J r'^ [ c 



I ^ MiiImmi 



\ _ 3 C.y -J^/Oiiiil^il'j J (^H - wG) + '-(mH - «G) 



iy - yJ + (^ - ^0' 







A^3ri3 



(mH — nG) 



MMlAlMK 



(^ - ^^0 0/ - 2/0 



Wo 



l-JiO 



3 («F - ?H) + 3 ~ (nF - ZH) + ^ (nF 



i»(<i 



+ ^- - ""'^^^^ '^'^ ^ 3 (^G - mF) + 3 "(^G - mF) + t(^G 



c 



c^ 



IE) 

mt) 



Attv 



=\\ 



d8 



Z — Z 



ly^t- 



{mw — nv) -| — {mw — nv) 



+ — ::^ i {Iv — m?<) + 7(^'^ ~~ '^'^) 



c 



mii 



+ ^^_^2^^_^>^ 3 (mH - nG) + 3 - (mH - nG) + '- (mH - nG) 



Alt. 



G 



C^ 






2 (lr"^^T 4- (0^ - a^O 



/\9,1 






(^ - zj + (^ - ^0^ 

Ai3ri3 



7' 



> ^ (wF - ZH) + - (%F - m) 





(nF - /ii) 



VOL. CXCVII. — A, 



3 (ZG - mF) + 3 ^(/G - mF) + -, (^G - mF) \ 

C J 

D 
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Aww =z \\ dS 






t r 



n/j 



3 



nil 



liv) + {"i'lu — Iw) \-\-' ^ • <{ [mtv — nv) + ^ (^^^ — nv) 



r 

G 



+ ^"^ --^^^^^^^^^^^^^^^^ ^ 3 (mH ^ nG) + 3 J; (mH ^ nG) + ^- (mH »» nG) 



n>'- 






AlO 



T 

c 







+ ^'^--^^-'^:J'- -'^ ^ 3 (wF - m) + 3 ;, (nF ~ /H) + - ,, (nF - ZH) 



c- 



fcjli«fc-1WI 



2 



,,3 



3 ^^__il2i±iL_i:Z U {/G - mF) + J, (^G - mF) 






(^G - mF) 



And for _/, g, h we have 



47r/= fftZS 



^/-y 



V.3 



(^P^ - w/) + ^ (^(/ ^ m/) ^ + 



z 



r- 



vj 



{nf-lh)+l{nf~lh) 







■mi'l m 



,,3 






(2/ - ?/)' + (=^ " -') 



,.Sq3 



[mw — nv) 



BB>I «« — 



(^-^/)(2/-/) f 







AtK. 



< 3 {nu — Z^^;) + 3 {iiu — Iw) + -- (nf^ — to) 



+ ^— -' \ 3 {Iv — nm) + 3 - {Iv - wm) + ,, (Iv ~ mil) 



i-rrg nz (iS 



2! — ^ 



,,3 



- < 



7' 



(mh — ng) + (m/^ — ng) 

G 



"r 



t/_/ " iXy 



{Ig _- m/) + '^ (Ig ^ mf) 



. (x — x^) (y — y') \ / \ . ^ ^'' / \ ^" / \ 

G'^ 



+ 



1 



rtiO 



3 



(2! — z^f 4- (^ 



^')' 



{z — zy -f- (;7j ~ x/y 



K 



\\( 



I 



nu 



ho) + ; (^'^'^ "^ ^'^^ 



/\9. 



^,3q3 



(nil '— Iw) 



+ 



(y - y') (•« - 2:') 



n't n-iri 

3 (Z'*; ~ mu) + 3 - (fe — mu) -{- -^ {Iv — mii,) 



ink = Us 






{vf ~ Ih) + '^ (ft/- Ih) I + --3 -^^ I {mh — ng) + ^ (mA — ?2p') 



+ — y- 1 3 {miv — :n.z') + 3 ^ (mw — ni)) + ,, (mtv — 7zii) 

7^ I C G'^ 



r 







+ ^^ — ^'|,f ^^^ [ 3 (nw - /tt;) + 3 ^ (ntt - Iw) + ^, (nw - Iw) 



+ 



(a? - *')^ + (y - 2/') 



^3 



^5 






r 



[Iv — m^^) + - (Zi) -— m'u) 

c 



/\2 



(x - ^0^ + (y - .vO 



(Zi? — mii^) 



In all these ^ — r/c Is to be put for t before integration. 
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17. It may be verified without difficulty by using Kirchhoff's method that the 
integrals written down in § 16, when taken over a closed surface S, not containing 
the point (x, y, z), but containing all the singularities of the functions u, v^ w, f, g, h, 
represent the values of ^ttu, ... at the external point {x, y, z), provided the normal 
(l, m, n) is drawn towards the exterior of S. It may also be verified, in the same way, 
that, if the surface S contains the point {x, jy, z) and all the singularities of the 
functions, the integrals in question vanish identically, 

A particular case, which leads to a verification of the formulae, is afforded by 
taking the surface S to be a sphere, of radius ot, having its centre at the point [x, y, z). 
For this we have 

X — cc' :== h\ y — y' = mr, z — z' =l nr, r = c^ 

and the values of the quantities tf, v, . . . , at points on S, are the initial values, 
Uq, Vq, . . . , of these quantities. Now the terms of iiru that contain t^, i\ iv^ 
explicitly are 



d8{u^) -~ l{htQ + '^"^'^^0 + ^'^^o)]? 



which 



■2 



dSu 







/v> 



J J 



c/S {x — x) (Iuq + ^'^^ + ^^^^o) 



rfs«. - r- iff „A + .-' f f f (. - .') («;;; + 1» + '|;)dx. 



where the volume integrations extend through the volume within S, and the last 
volume integral vanishes identically. Again, the terms that contain F, G, H 
explicitly are 



,T» O 



dS {uGq — v7?Hq), 



which 



7 



-3 






-3 



)Z 



r /* 



J J 



tVpiCvi 



'0 



' ' .. 



Further, the terms that contain F, G, H explicitly can be written 



r 



-1 



dS {mJiQ — nr/^) 



by observing that F = c^^ V ^F = — c^^ . . . 



P 2 



20 



PROFESSOR A. E. H. LOVE ON THE INTEGRATION OF THE 



The integral last written is 



''^ {^ (0 " 3/ 



/a 



Ha? 






r 



-1 



'/'* 



cm 



or 



8' 



dlOn\ 



d 






r 



dx^ \ dx' di/ dz' ' 



of which the volume integral vanishes identically. The terms which contain u, t), %b 

• • • 

explicitly, and those which contain F, G^ H explicitly, may be transformed in the 
same way, and we have finally 






u 



9.4^. 



4:1TGH^ 



t 



UndB + ICndQ + Ci^ 



¥ « 



ra 



u. 



d: 



~ city 



r 



, (39); 



and this is identical with Poisson's integraP of the equation 



dhi/dt^ 



c2V% 



in terms of initial conditions. 

18. The results can be interpreted in terms of sources of disturbance of the two 
types previously investigated. Any point of the surface S must be regarded as the 
seat of a source of the first type, and of a source of the second type. The axis of 
the source of the first type is at right angles to the direction of (F, G, H), and is 
tangential to the surface ; its radiation function is the product of dS, the resultant 
of (F, G, H) and the sine of the angle, which the direction of this resultant makes 
with the normal to the surface. The source of the first type is equivalent to three 
sources, with their axes parallel to the coordinate axes, and with radiation functions 
equal to 



— dS{mIl — nG), 



d8{nF — IM). 



dB{lG — mF); 



these expressions, for any point on the surface, are functions of t, and they take the 
characteristic form of radiation functions, when t — r/c is substituted for t 

The axis of the source of the second type is at right angles to the direction of 
{u, V, iv), and is tangential to the surface ; its radiation function is the product of clB, 
the resultant of {u, v, w) and the sine of the angle, which the direction of this 
resultant makes with the normal to the surface. The source of the second type is 
equivalent to three sources, with their axes parallel to the coordinate axes, and with 
radiation functions equal to 

— dS{m'W — nv), -— dS{nu — hv), — dB{lv — - mu) ; 

^' The form of Poisson's integral usually given requires the performance of differentiation, with respect 
to t, upon an integral taken over a sphere of radius ct, and thus, when the differentiation is carried out, 
there will be three terms in the complete expression ; it is easy to verify that these terms are precisely 
those given in equation (39). 



EQUATIONS OF PEOPAGATION OF ELECTRIC WAVES. 21 

these expressions are to be formed for any time t^ and then t — r/o is to be substituted 
for t in them. 



Reduction to a Single Type of Sources, 

19. We may seek to express our results in terms of sources of a single type, 
instead of using two types of sources. The method to be followed is analogous to 
that used by Green" for the Theory of Potential."^ If V is a function, which is 
harmonic at all points outside a closed surface S, the value of V at an external 
point O is 

- — - _ V 4- 1 <^S, (40), 

r OP vv ^ ^ 



47r 



J J 



where dv is the element of the normal to S drawn outwards, and r is distance from O. 
If now V is harmonic within S, and equal to V on the surface, this becomes 



47r 



r 1/ay . av' 

r \ dv 



'h " i" ps//^'*^^? ' • • • » • • •\'*l/5 



where dv' is the element of the normal to S drawn inwards. This result is obtained 
from the reciprocal theorem 

1 3V' U 9r"~^ 



1' 



dv' 



dv' 



both V^ and r""^ being harmonic at all points within S. Further, we know that there 
cannot be two functions satisfying the conditions satisfied by V^ ; the theorem that 
there is one such function is the fundamental existence-theorem of the Theory of 
Potential. The expression (40) may be interpreted in terms of sources and doublets 
on S ; the expression (41) admits of a similar interpretation in terms of sources 

only.t 

20. In adapting this process to the present theory, we begin by proving that there 
cannot be two sets of related vectors which 

(1) are free from singularities at all points within a closed surface S ; 

(2) satisfy the system of equations (12) of § 9 at all points within S ; 

(3) yield the same tangential components, for either of the two vectors, at all 

points on S ; 

(4) vanish throughout the space within S for some value % of t. 

If there were two such sets, their differences (a, ^, y) and (/, g, h) would satisfy 

^ Green, * Math. Papers,' p. 29. 

t Lamb, * Hydrodynamics,^ pp. 66, 67. 
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the conditions (1), (2) and (4), and either (a, jB, y) or (/, g^ K) would be normal to S, 
at every point on S ; so that we should have either 



or 






(/, m, n) being the direction cosines of the normal to S drawn inwards. 
In both cases 



rt 



dt 



dS{l{/3h - yg) + m{yf-- ah) + n{ag ~ /3f)] = 0. 



Now this inteCTal is 



rt r 

dt 


dr 


J « 


V 



f 






— I | >w « * » <m' oaa a A fflK M V» 



■^ / 

uz / 



i 



a 



^dh dr/ 



\^I/ 



p: 



"7" . -p . 



the integral being taken through the volume within S, and this is 



1^ 

2 



d', 



1 



{P + 9' + h^)+-,{o^' + l3' + f) 



c 



since a, ^, y and f, g, h vanish when t =: t^. The expression last obtained cannot 
vanish, unless ot, yS, y andj^ g, h vanish, at all times, and at all points within S. This 
proves the theorem. 

It follows from this theorem that, if either the tangential components of (n, v, w), or 
those of (/, g, /^), are given at all points of S, the solution of equations (8) and (9) 
of § 9 is unique. 

21. Now let {ui, v^, iv^) and (t%, v,2, ir/) be two sets of possible magnetic displace- 
ments, for which there are no singularities within a closed surface S ; and let F| . . . 
be the corresponding vector potentials, and /i . . • the corresponding electric dis- 
placements. Suppose further that, at a certain time t^^ all these vanish at all points 
within S. We shall apply the theorem of § 14 to these vectors. We identify the 
set with suffix 2 with the set previously accented (§ 15), so that u^ ™ u'. . . . , the 
point O, which is the sole singularity of the accented set, being outside S. Then the 
right-hand member of equation (31) vanishes, and we have 



r^ 



dt 



d8{Uy(g7i — /im) + '^li^^'l' -" f'n) + '^^'](/'^^ — 9^)] 



dt \d8{ii{gj^ii — A^m) + v^h^l —fin) + iv{fim — g^l)] 



to 



If there is a set of magnetic and electric displacements, free from singularities 
within S, and making the tangential components of the vector potential on S the 
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same as those in the solution (u, i;, . . . h) for external space, this set also makes the 
tangential components of electric displacement the same as those in the solution for 
external space ; we take this to be the set with suffix 1, so that, on S, 

g^7i — him '-=^ gn — hm, Q(]i — H^m = Gn — Hm, 1 

I 



• • • ess 



• 4 « 



Equation (37) of § 15 now becomes 

47rC~^/Q =: I dS dt \_f'{'in {to — iv^) — 7h (v — v^)} + 9'{n {u — u^ — I {w — w^) 

+ }i\l {v —■ v^) — m{tc — t^i)}] . . . (42). 



The corresponding equation for Uq would be 

to 



4:'7TG~hi^ -^^ cZS dt \ii'{7n {w — iv^) — n {v — Vi)] + v{ii {a — zt^) — I [w — tVi)} 

+ iv^{l{v — v^) — m [a — ^^i)]] . * . (43). 



The results would thus be interpretable in terms of sources of the second type 
only, the radiation functions of the sources depending upon the surface values of 
u — ?(|j V -— v^, 10 ■— t^2, in the same way as those in § 18 depended upon the surface 
values of u, i\ to. We might, in a similar way, show how the general forms of the 
displacements could be expressed in terms of sources of the first type only. 

It is to be noted that this reduction of the number of types of sources has depended 
upon the possibility of choosing a time, before which there is no disturbance at any 
point within the given closed surface, and also that it involves an existence- theorem, 
which has not been proved. For a sphere, the existence-theorem could be proved by 
help of the formulas in § 10. 

Law of Disturbance in a Secondary Wave, 

22. As a first application of the general formulso we may consider the law of dis- 
turbance in a secondary wave. We suppose that simple harmonic plane waves, of 
the simplest type, polarised in the plane (x, 2;), and propagated parallel to the axis 
of 2;, are to be resolved into secondary waves due to sources, situated on the wave 
front z = z\ Let the primary waves be given by 

F = , G = - ^ sin K (^ •--- cO , H = , ] 

u = cos K {z — Qt) ^ -i; = , W r= 5 j ' ^ ^' 

/ = , g =^ — K sin k{z — Gt) , h =■ , j 



24 



PEOl^ESSOE A. E, H. LOYE ON THE INTEGEATION OF THE 



The disturbance at any point, for which 2; > 7J , is given by the following equations, 
in which l^ m, n now denote the direction cosines of the line, of length r, drawn from 
the point {dd , y\ z^) to the point (x, 3/, z) :— 



ArfU 



dxdy 



-- {cos K {z' -~» 0^ 4" '^) + ^'^' sin K (z — 0^ + r)} 



^ 



+ "- {sin K (z^ — c^ + r) — • kt cos k {z -«^ c^ + r)} 

Kt 



(m^ 4- 11^) 



fC7 



,iO 



{ (3 — K^r^) sin /c (z — cC + t') — Skt cos k (^' — C^ + ^^1 



, (45). 



47TV 



dxdy --"g {(3 — - Kh"-^) sin k {z^ — c^ + r) — Skf cos k (z — ct -}~ r)|, . (46). 



Awtv 



dxdy 



- { cos K {z -- C^ + '^) + ^^'^ S"^ ^ (^' "^ C5^ + r ) } 



In 



-^ -1-^ 1(3 _ ^V^) sin k: {z — c^ + r) — S/cr cos /c (2;' — 01 + r)] 



(47). 



Also 



itrg 



47r/ = ' dxdy -3 {(3 — kV^)cos k{z + c^ + r) + 3k:'?' sin k{z — c^ 4" ^'*)}? ^ (48). 



cl^'%' ~ /c {sin /<: (0' — c^ + r) — /cr cos k (z ---. c^ + r)} 



2 



4" — {cos K (z — 0^ + r) 4" ^■^'* sin k (:^' ^ at -^ r) 



n^~{'p 



fW 



{(3 — K%'^)cos k(z — c^ 4" '^) 4- S^r sin k i^z — c^ 4" ^')} ? (49). 



i^th =■ \\ dx'dy ^ K {sin k (z — • c^ 4- r) — Kr cos k {z ^ ot + r)] 



mn 



+ ^3 {{^ """ ^'^'^^) ^^s /c (2;' — . c^ 4" ^'') 4- 3Kr sin k{z — c^ + ^)} (50). 



At a great distance, the contribution of the element of area d8 to (t/, v^ tv) is 



KilB 



(^n -{- m^ -{- n^ , —' Im , — ^ -- In) — ; sin k{z — ct -\- r) ; , . , (51) ; 



47rr 



the magnitude of this contribution is 



( 1 + n) 2"-; sin K {z' — c^ 4" ^'') 



& i» i» ^ 9 



. (52), 



and its direction is at right angles to that of r, and makes with the plane {z, r) the 
same angle that this plane makes with the plane (2, x). This direction is shown by 
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the point P in a spherical figure (fig. 2), in which Z represents the direction of pro- 
pagation of the primary waves, R the direction of r, NX is the great circle of which 
Z is pole, NI is the great circle of which R is pole, and P is on NI produced so that 







NP ~™ NX. It is easy to verify that the direction cosines of the radius vector, drawn 
from the centre of the sphere to P, are 



p. + Qiir' -\~ fV' 



1 + ^^ 






L 



Again, at a great distance from the plane, the contribution of the element of area 
clB to (/, g, h) is 



( — Im , ti 4" ^^ 4" ^'<^^ ? 



fcdS 



m 



m4 



.'U) Y~- K cos k{z — ot -i- r) ; , , . (53) : 



4:7r7 



and its magnitude is 



KClB 



(1 + n) p- K cos K (z - ot + r) ;....... (54) ; 



'ilTl 



its direction might be shown by means of a construction similar to that used for the 
direction of the contribution to {v, v, lo). 

The result obtained by Sir G. Stokes'^ would be expressed, in the notation here 
employed, by the statements that the magnitude of the contribution of the element 

rfS to (•?/, V, w) is 



(IB . 



V^' 



/(m^ + ^'~^^^) (l + '^^) 7^"'^^^ sin k (z — c<^ + r) , 



4:7n 



(55), 



and that its direction is that which would be shown by the point antipodal to Q, 
where RX and NI intersect (fig. 2). It has been pointed out by Lord RAYLEiGiit that 



VOL. CXCVIT, — ^A, 



■^" ^Papers,' 2, p. 286. 

t ' Wave Theory of Light,' pp. 452, 453, 

1 
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such factors as ^[m^ + 71^) and ^(1 + n) are of no importance in the ordinary appK- 
cations of expressions for the law of disturbance in secondary waves, and that, in 
fact, the enquiry after such a law involves a certain ambiguity. In the above deduc- 
tion of such a law, we have used the general formulr^e involving sources of two types ; 
if we could have used formulae involving sources of one type only, the result would 
probably have been different ; this is the origin of the ambiguity referred to by Lord 
Rayleigh. 

23. There is another difficulty attending the deduction of a law of disturbance in 
secondary waves from formulae applicable to the propagation of a system of plane 
waves, viz. : that integrals such as (45) taken over an infinite plane are not con- 
vergent. The disturbances in the secondary waves ought to combine to give rise to 
the disturbance actually propagated, or the result of the integration ought to be to 
reproduce the displacements in the primary wave. If we form such an integral as 
(45) for a portion of the plane {x\ y'\ and afterwards extend the boundaries of this 
portion indefinitely, we do not arrive at a definite limit. Let be the point at which 
the disturbance is to be estimated, 0' the foot of the perpendicular from on the 
plane 2; — 2;' (fig. 3), and let the portion of the plane be bounded by a circle, of 




Fig. 3, 

radius R^, with its centre at 0'. We introduce plane polar coordinates r\ </>, with 
origin at 0^, and put I = sin cos <j6, m == sin Q sin ^, n = cos Q ; then the value of 
the expression (46) for v is 



— d^ Tclr 3~ ~ {(3 — i<r^) sni k{z -»» g^ + r) — - 3/<:r cos k{z — C/5 + r)} 

4.7r Jo Jo '^'^' 



/CQ' 



and this vanishes identically, however great W may be, on account of the symmetry 
of the circular boundary ; it would not have vanished if we had taken a boundary of 
a different shape, or a circular boundary with its centre away from ()'. With the 
boundary chosen as above, we could show that ^(;, /, h vanish. To form the expression 
for u, we put 

^ =. ^ , cos ^ = ^^ , r^ - r' + {z - zf , W :^ K^ + {z ^ zj. 
r r 

\jj :==: K (z — Ct ~\- t) 



o 1.XI 
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and remember that z and / are constants in the integration ; we find 



1 



stt 



•R 



n 



4 



TT Jo 



d^ dr 



♦■ & 



2 



7'- 



(cos ^ + '^^^^ sill ^) + 7o (sin i// — kv cos i//) 



1 



/cr^ 



"(^ - ^0' 



/\o. 



nt,-> 



+ sin^ c/> s 1 



(^ — ^') 



^.. 



{(3 — K:^r^)sini// — 3/crcos\//} 



•R 



1 

9 



C^t^ 



_ e-/ 






9 



^,, " (cos i// + KV sin \|i) + — ; (sin i/f — /ci' cos ^) 



1 f ( 

— -^ p + " 



/\0, 



z') 



o 



{(3 — K:V^)sini/f — 3/crcosi//} 



This is immediately integrable, and we find"' 



ti 



4 



/V (V 



/\2 



J\^ 



( ^ + p 



If iz — z) , 

COS /c (^' — 0^ + I^) + ^ 1 1 — --':^^--- \ sin K (2;' — Ci5 + R) 



/^R ! ^ R3 

+ cos k{z '— Qt) \ . . . . (56) ; 



and, when R is very great, this is approximately equal to 

cos k{z — Gl) — |- cos k(z -- Gt -^W) (57). 

Thus the value of u for the primary wave is reproduced by the secondary waves 
sent out from the parts of the plane, which are not at a very great distance. In like 
manner we should find for g the value 



K sin K (z — c^) 






4 



1 + 



it 



'2 



sin K (z — ct + R) 



1 



7\0 > 



kR 1 



1 



pg^ - \ cos K {Z — C^ 4" E;) 



giving, when R is great, the approximate value 

•-- K sin k{z --• ct) -^ ^ KsmK{z --" Gt --{-W) ; (^8); 

and, as before, the value for the primary wave is reproduced by the secondary waves 
sent out from the parts of the plane, which are not at a very great distance. Both 
for It and for g, the distant parts of the plane contribute something finite to the 
disturbance ; just as, in the ordinary elementary theory, there may remain a portion 
of a HuYGENs' zone uncompensated ; such portions are always disregarded. t 

The difiiculty here considered arises entirely from our having applied to an infinite 
plane, formulae, which were obtained on the express supposition that the surface, to 
which they are applied, lies entirely within a finite distance of the point, at which 



^ 



Equation (56) determines the intensity, at a point on the axis, of light dififracted through a circular 
aperture, the incident light being parallel, and the ordinary optical rule being assumed to hold (§§ 24, 30). 
t Cf. Basset, 'Physical Optics,' p. 46, or Lord Kaylejgh, ' Wave Theory of Light/ p. 429. 

E 2 
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the disturbance is estimated. The difficulty could not be evaded by adopting a 
different law of disturbance in secondary waves, and one aspect of it has been noticed 
by Sir G. Stokes"' in connexion with the law obtained by him. The difficulty would 
not arise if we took a system of diverging spherical waves, and resolved the disturb- 
ance at a point O, outside some particular spherical wave front, into secondary waves 
due to a distribution of sources over this front. The difficulties of integration are, 
however, in this case considerable ; when the point is at a great distance from the 
sphere, the integrals can be evaluated approximatel}^, and it can be verified that the 
disturbance corresponding to the primary wave is reproduced. 



Passage of Waves tlirouglh an Aperture. 

24. The general problem of the passage of radiation across an aperture in a screen 
would involve a solution of the general equations (4) or (12) of § 9, subject to 
boundary conditions holding all over both faces of the screen ; and^ unless the 
incident radiation and the shape of the edge have very simple oharacterSj this 
cannot at present be attempted, f In the theory of diffraction, it is customary to 
assume that the disturbance at points of the aperture, to which the disturbance 
on the further side is due, is that which would be found at those points if there were 
no screen, and also that the elements of the surface of the screen contribute 
nothing to the disturbance on the further side.J In the Theory of Sound, IIelm- 
HOLTZ§ has justified the use of a somewhat similar assumption in the problem of the 
open pipe. In the present theory the question may be formulated as follows : — ^A 
train of radiation is propagated on one side of a surface S towards the surface ; 
there is an aperture in the surface, and the transmitted radiation is to be represented 
as due to sources situated in the aperture ; how must such sources be distributed ? 

[25. [Re-iaritten March, 1901.) — We simplify the general question by means of two 
suppositions: — (1.) that the incident radiation is represented by simple harmonic 
functions of the time, with period ^tt/kC; (2.) that the surface S is plane. The 
first of these enables us to eliminate all vector potentials, by the rule 

(F, G, H) = /c^^(/, r/, A) . . . . . . . (59). 

It w^ill appear later that the second supposition constitutes a practically unimportant 
restriction, when the aperture is small. We shall take the plane S to be given by 
the equation z :=: ;/, and shall suppose that the incident radiation is propagated on 
the nearer side [z < z'). The transmitted radiation, on the further side [z > z^), 

^' ' Papers/ 2, p. 288. Of. Lord Rayleigii, ' Wave Theory of Light/ p. 429. 

t Cf. A. SOMMERFELD, ' Math. Theorie d. Diffraction/ ]\Iath. x4.nn., vol 47 (1896). 

X Lord Eayleigh, 'Wave Theory of Light/ p. 430; or 'Theory of Sound,' voL 2, § 29L 

§ 'J. f. Math. (Crelle)/ 57 (1859) ; or ' Wiss. Abh./ vol L p 303. 
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being regarded as due to imagined sources, situated in the aperture, can be calcu- 
lated directly from the formulae of § 16, by first assigning certain functions of x\ 
y\ t as the forms of u, . , . under the sign of integration, then substituting t — r/c 
for t, and finally integrating over the aperture. We shall take the forms, that 
are to be substituted, for %i, . . . under the sign of integration, to be given by the 
equations 

u r= il^ cos K c^ + % sin K Gt , 



y :- f^ COS KCt 4-/2 sin K Gt , 



• • • « 



. (60). 



where u-^, . . . are functions of x', y', for which 



k 






dv 



. . . • • • • (^1)' 



and similarly for Ti^, Further, we shall denote the values of n, . . . , resulting from 
the integrations, by ii^, . . . The answer to the general question of § 24, will thus 
lie in the determination of the functions w^, . . . These functions can be regarded as 
the values, at certain times, and at points within the aperture, of a certain system of 
magnetic and electric displacements.] 

26. Before proceeding it will be convenient to record the forms for le^, ... in 

terms of the functions ii^, . . . It will be sufficient to put down the terms that 
contain cos kgI, We observe that in the formula of § 16 



"C — 


f 

X 


07' i 


dr-^ 


^s 




dx 


' fV 


2 


- .^^-- 


Q/y + 


(?/ y f 


r'^ 


r' 




oiy 


- ?/') (Si 




32,.-! 



^ 



r' 



dijdz di/dz ' 



a:3,.-l 



dz"" 



/o ? 



> 



d^r 



. (62); 



J 



and we also observe that, when the surface S is a portion of a plane (z :=^ z), we must 
have I ==: 0, m = 0, n =:: 1, the point (x, y, z) being on the side z > z\ We can 
therefore write down the formulae for t^^., .../+,... as follows : — 



Attu^ = 



+ 



']xdy 



dr^ 



,^- u^{qos K {gI •—■ r) — K?'sin/c(c^ — r)] 

yJrt/ 

— '-Tr- K'^gi [cos K (gI — r) — KV sin K {Gt — r)i 

4" i -N .Y '<^"~'^/i {('^ — ' K'^r''^) C08 K [Gt — r) — 3^TsinK(o^ 



=^^- „-^ g, [cos K {Gt. - r)] 



r)] 
(63), 
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47ri;^ ~ dxdy 



;^-^--#^ [cos/c(G(^ — r) — KrsmK(c^ — r)} 

Uri' 



1^ ^^ 2^9^ {(3 — Kh'^') GOB K {ct — r) — 3KrsiiiK:(c^ — r)] 






+ yi^-/C "^/j {cos /c(g^ — r) — KTSlUK^Ct — r)} 

(^ _ z'y + (r — t'Y - 



-J 



(64), 



4:fni\ = 



+ 



47r/ 



+ 



dxdy 



V W 



,g^ "^; + #^ --^-" ) {cos K (cl 



'.In,' 



1 J 



dxdy 



OX' 






/;>) _ /crsiii/c(c^ — r)} 



a 



3£e3; 



"~9, - 



dyd. 






'^ — 1 

or ^ 



^/i {^^S '^ {<^^ ^ ^*) "^ ^^' Si^'i ^ (^^ "^ '^'')} 



d"v 



O ^1 



dxr 



J- Vi {cos /€ (c^ -^ r) — rr sin /< (c^ — r)} 



; - (65) ; 






+ i -^ ;p: • ''"^'i {(3 — kV) cos /c (c^ — r) — S^r sin k (at 



K 



wy 

0/ - yj + 6^ - ^^0' - 



v^ {cos /c(c^ -— r)] 



• • 



r)} 



(66), 



iTr(j 






CvX Cty t/ 



3: 



-1 



a< 



^j {cos /c (ot — r) — Kf sin k (ct — r)} 



i 

3 



av-i 



Sa^S^/ 



01 { (3 — kV) cos K (ct — r) — Skt sin k (c^ — r)} 






+ ^-^ u^ {cos /c (c^ — r) ™ Kr sin k (ct — r)] 






4- K^ "^---^ TJ^^^' — ^ ^"^1 (COS K (c^ — r)} 



q-- 



. . . . (67): 



4-77/14. = dx dy^ 






71 -^ + ^1-3^-"] {c^^ 



1 

3 



3c A ''■ 



3^7-1 



^ 



oyo: 



r) — KT' sin K (ct ~- r) f 



% ^1 ) {(3 — /c%'~) cos K (gi5 — r) 



SKTmuKlct — r)] . . (68). 



Here the parts of u^, . . . that arise from it^ cos kCI, . . . are written down, the 



terms in sin k Qt being omitted. 



"27. {Re-vjritten March, 1901.)— The forms of the expressions for u^^ . . . have an 
important bearing on the determination of the functions w^, . . . The integrals, 
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which occur in these expressions, represent functions, which are continuous, and have 
definite values, at all points, that do not lie in the plane % = ?.' , and within the aper- 
ture. At points within the aperture, the functions, defined by these integrals, present 
discontinuities of one or other of three folio Aving kinds'^' : — (a.) The integral, obtained 
by replacing (x, y, z) by {x\ y\ z), is convergent, and is different from the limit 
obtained by bringing (x, y, z) up to coincidence with {x\ y\ zl) through values, for 
which z > z! , or through values, for which z <iz! \ these two limits are finite and 
definite, and they are not the same. The term of (63), containing dr'^jdz, is an 
example of this peculiarity, {h.) The integral, obtained by replacing {x, y, z) by 
[x\ y\ z), is not convergent ; but the limit obtained by bringing {x, y, z) up to 
coincidence with (a/, y\ z'), on either side, is finite and definite, and these limits are 
the same. The term of (65), containing di^^ldx, is an example of this peculiarity, 
(c.) The integral obtained by replacing {x, y, z) by {x\ y\ z) is not convergent, nor is 
any definite limit obtained by bringing [x, y, z) up to coincidence with {x\ y\ z) on 
either side ; but the difference of the two values, obtained by taking {x, ?/, z) at two 
points, near the aperture, and on opposite sides of it, can be made less than any 
assigned quantity by sufficiently diminishing the distance between the points. The 
term of (63), containing 3-V""Y3.x^, is an example of this peculiarity. 

The discontinuity of the expressions for u,^, , . , arises from the representation oi 
the disturbance on the further side {z > z) as due to imagined sources in the 
aperture ; there are not really any sources in the aperture, but the disturbance 
on the further side {z > z^) is continuous with the disturbance on the nearer side 
[z < /). To restore continuity, it is most convenient to regard the disturbance 
on the nearer side as consisting of two superposed disturbances, denoted by A and 
B. The disturbance A is represented by functions, which are continuous in a region 
of space^ containing all the points within the aperture, and within a finite distance 
on either side of it ; these functions have no singularities on the nearer side, 
except the actual sources of the incident radiation. The disturbance B is repre- 
sented by functions which have no singularities on the nearer side, but have 
discontinuities at the aperture, and these discontinuities may be of any of the kinds 
presented by the expressions for t^+, . . . We shall denote the magnetic and 
electric displacements, that belong to the disturbance B, by u_^ . . . , /_, . . . , and 
those that belong to the disturbance A by ii\ ...,/',.,. The displacements, 
that belong to the disturbances A and B, satisfy the general equations of § 9. We 
shall take them to be given by the following equations : — 

for A, u -=: u^ =:: 11^ cos K ct ~\~ ik^ siu KCt , ^ 



> 



/ ™ y zn: f^' cos kCo -{- fl sin K Gt , 

• • • • / 

■^ Of. PoiNCARE, ' Theorie dii Potentiel Newtonien ' (Paris 1899), ch. 3, 



(69) ; 
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for B 



11 



u. 



a * * * 



b * 9 b 



ii{^ COS K Qt + Uc!^ sin K Qt , 1 



f zr=L f_ -=1 f^' COS K Gt + fc,^^ sin K at , 



> 



6 • 



, . (70). 



We have now to express the conditions of continuity of magnetic and electric 
displacement at the aperture. We suppose that ^i^., . . . are formed for a point 
P, (^ > z), and that 2^_, . . . are formed for a point P', (z < z)^ and we take any 




Fi'^. 4. 



point Q in the aperture. The functions ?i^/, . . . are continuous in the neighhour- 
hood of Q, and have definite values at Q. We form the difference 

«+(P) -tuiF'), 

and allow P and P' to approach Q by any paths,^' the tangents to which at Q do not 
lie in the plane of the aperture. Then the conditions of continuity are 



lim {v+ (P) — ii„ (P^)} :==: li^ (Q) cos /c c^ + Uc^ (Q) sin k ct 



^ 



9 9 



Hm \ A (P) - /_ (F)] = /;' (Q) cos K Gt + f; (Q) sin K ct , 



6 4 



(71). 



4 « « a 



y 



The functions n_, . , . satisfy the general equations of § 9 at all points on the 
nearer side {z < z), and are free from singularities in this region ; these conditions, 
with the conditions of continuity (71), suffice to determine the functions in question, 
in terms of the functions Ui, . . . introduced in § 25. One such determination will 
be worked out presently ; here it is important to observe that it is effectively unique. 
The conditions (71) require, in fact, that the discontinuities of u_, . . . should be 
arranged so as to cancel exactly those of t/.+, . . . Now let us suppose that two 
sets of functions n'_, . . ., and u_^ + At^_, . . , have been found, both of which obey 
all the conditions imposed upon the functions it^, , . , ; their differences Mi_, , . . 
have no discontinuities at the aperture, and no singularities on the nearer side 
(z < z^) ; thus the disturbance represented by Ai^__, , . . belongs to the disturbance 

^' The path of I' lies, of course, entirely in the region z > z\ and that of P' in the region z < z' . 
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A, and not to the disturbance B. The relation between A and B is similar to that 
between the ^* complementary function'' and a "particular integral'' of a linear 
differential equation, with a right-hand member; the difference between two particular 
integrals is part of the complementary function.^' 

Perhaps the simplest way of building up the functions u_, , , , is to act upon a 
hint, derived from a study of Helmholtz's theory of acoustical resonators, t We 
may, in fact, attempt to satisfy the conditions, by regarding the disturbance B as 
consisting of a system of standing waves ; and we find that the method thus 
suggested is successful. We shall proceed on the assumption that the displacements, 
represented by '^^_, . . « , constitute a system of standing waves.] 

28. Having regard to the proposed plan of passing to a limit when the point 
[x, y, z) is brought to coincidence with {x\ y\ z')^ we see that especial importance 
attaches to the limiting values of such expressions as 

cos K {qI — - t") — KV sin k {pi — r), 

which, in § 26, have uniformly been placed in { } ; and it appears that all these 
limiting values are numerical multiples of cos k CL This remark indicates that the 
discontinuities of the terms w^ sin /c ci, . . . are independent of those of the terms 
Ui cos /c c^, . . . Again, when the expressions are, as above, replaced by their 
limiting values, it appears that every term in i^^, . . . might be interpreted as a 
differential coefficient, either of the first order, or of the second order, of the potential 
of a distribution of surface density on the area within the aperture. Now it is 
knownj that, the charged surface coinciding with the plane z = const., first differential 
coefficients of the potential with respect to x and y are continuous in crossing the 
surface, and the first differential coefficient with respect to z has a definite discon- 
tinuity ; further, it is known that all second differential coefficients are continuous in 
crossing the surface, except the two that are formed by differentiating with respect 
to z once and either x or y once. These considerations guide us to a proper choice of 
displacements in the standing waves represented by t^_, . . , ; for example, in the 
second line of the expression for Arrti^^ the factors 

must be retained, and multiplied by a function of r and t^ of which the limit at r = 
is cos K ct. But we should not arrive at a proper choice by replacing the expressions 
in { } by their limiting values ; for the system of displacements thus arrived at would 
not satisfy the fundamental differential equations. This consideration suggests that 

* Forsyth, ' Treatise on Differential Equations,' ch. 3. 

t See the memoir already quoted, particularly equation (29c), Helmholtz, ' Wiss. Abh.,^ vol. Ij 
p. 377. 

t Cf. PoiNCAR^, ' Theorie du Potentiel Newtonian/ ch. 3. 
VOL. cxcvir.^ — ^A. F 
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the functions of r and t, that are to replace the expressions in { } , being factors in 
certain particular solutions of the differential equations, and even functions of t, 
could be arrived at by changing, in { ]^ t into — t^ and taking half the sum; for 
example we should replace 



by 



cos K {ct •— • r) — KT sin k {ct — r) 
I [cos K {ct — r) ■— Ki' sin K (ct — r) + cos k (ct + r) + kt sin k (ct + ^^)] 



or by 



cos K ct (cos KT + f<^^ sin ^'^)' 



This comes to the same thing as picking out from each expression in { } the terms 
that contain cos k ct, and rejecting those that contain sin k ct. 

We accordingly take for t^^, . . . forms given by such equations as 



Attu. 



cos K ct 



dx^dy 



or ^ 






A 



-^ li^ {cos KT + KT Sm kt} 



~"%J ^"'^ §1 {C^S ^'^" + ^^' Sin ^^^} 

(JVb 



dh" 1 



^^^^ VI {{^ "~ KV^)cos/<:r + 3 KV sin kt] 

\JJU%J If 



{y - yj + {z- z') 



la-iO 



'\3 

--p'l {cos kt] 



* « • s 



(72), 



4 7rte'_ = cos K Ct 



dxdy' 



u 



-~— 4- V, --7^- (cos /cr* + KT sin Krl 



i ^"^ { 9i 



dxdz 






^ oyd. 



{(3 — kV^) cos /cr + 3/cr sin kv] 



* « 



(73). 



29. According to explanations already given, we shall have 



Irr lim {ii^ (P) — %i^ (P')} = cos k Ct dxdy^ u 



dr ^\ jdr ^\ 

dz ) .u \ dz 



+ 



ArrUy (Q) cos KCt . 



xxgam 



Att lim {w+ (P) •— w_^ (P')} i^ ^^^ limit of 



1 



3k 



3 



dxdy^ 



9i 






9^'9: 



1^ 



+ 






+ 



^1 ^ 3^9^ 



/ 



. /a^r-i 



9 O 



• 



• • • • \ ' / * 



{(3 — K%^^)cos k(c^ — r) — S/cr sin /c {ct — r)} 



92/9;<;/_ J 



{(3 — K^r^) cos /cr + 3/cr sin kp] cos /c c^ 
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We write 



av-i 

diedz 



d 8 



= — ^ -^ — , and similarly for y, and integrate by parts ; the result 

contains a line integral round the boundary of the aperture and a surface integral, 
and the former contributes nothing to the limit we are seeking, unless the point Q is 
indefinitely close to the boundary of the aperture. Thus the limit we are seeking is 
that of 



3/c' 



dx^di/ 



3r~^^ 




S/i 



:-) — ^) {(3 — ^V)cos/c(c^ — r) — 3Krsin/c(c^ — r)] 



_\ dz /+ \idxJ dy 



7 ) [(3 ■— /<V^) cos KV + 3«:?' sin kv} cos kQI 



dz)_\dx' dy') 
'dr~^\ I x' — X 



y -y 



d7 



1.-1' 



+ :: 



r 



tAj ""•"* [Ay 



( — /cV sin K{ct — r) + /c^r cos K{ct •— r)} 



3^ / \^i 



/r» t/ J- /y ' ^ 



{/c^r^ sin fcr + kV cos /cr] cos k ot ; 



in this expression, the two last lines vanish in the limit, and the others yield the value 
at Q of 



icTTK 



■2 



dx dy' J 



cos K Ot . 



Thus we have 



4 TT lim {iv^ (P) — w_ {?') } ==: 47r tv^ (Q) cos k c/^ ; . 



and it follows that the conditions of continuity are satisfied by putting 



(7.^), 



It, 



u, , u 



.. f -\ 



'2 



U 



2 J 



/l — ./l J /2 — /2 ' 



> 



« « • « 



• e 



y 



(76), 



By this result, the transmitted waves on the further side are connected with the 
waves on the nearer side ; and it is manifest that the result would not be disturbed if 
the surface were not plane, provided that all the linear dimensions of the aperture are 
small compared with the radii of curvature of the surface. 

[30. (Partly re-written Mar eh, 1901.) — We return now to the general question 
propounded in § 24, and seek to estimate the character of the answer that we have 
found. In § 25 the question is made more precise by showing that the distribution 
over the aperture of sources to which the transmitted radiation can be regarded as 
due, depends upon the values, at certain times and at points within the aperture, of a 
certain system of magnetic and electric displacements ; these values are the quantities 
denoted by u^, , , , In | 26 the transmitted radiation is expressed in terms of these. 

3 F 
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quantities; the functions by which it is expressed are those denoted by ^/.4., , , . 
These functions are defined for points on the further side by expressions which are 
not continuous up to and across the aperture ; but they represent the transmitted 
radiation at any finite distance from the aperture. The actual disturbance is 
continuous up to and across the aperture. We seek accordingly to represent the 
disturbance on the nearer side by means of functions which are defined for the nearer 
side, but are not continuous up to and across the aperture, the discontinuities being 
so arranged that the displacements on the nearer side shall be continuous with those 
on the further side. In § 27 we separate the expressions of these functions into two 
parts, thus regarding the disturbance on the nearer side as consisting of two super- 
posed disturbances, there called A and B. The functions representing the disturbance 
A are continuous up to and across the aperture ; those representing the disturbance B 
are not ; but their discontinuities cancel exactly those of the functions '?i+, . , « The 
determination of B is in a certain sense unique. In § 28 we verify the supposition 
that B may be regarded as a system of standing waves, by actually determining, in 
accordance with this supposition, the functions involved in B, viz., u^^ , . . , in terms 
of the functions u^, ... In § 29 we show that the displacements, of which the func- 
tions u^^ . . . are the values, at certain times, and at points within the aperture, are 
the displacements belonging to the disturbance A. The disturbance B and the trans- 
mitted radiation are thus determined in terms of A, and the general question of § 24 
is reduced to the determination of A. 

The components u\ , , , f\ ... of A are subject to the following conditions :— 

(1.) On the nearer side they satisfy the equations of § 9 everywhere, except 
possibly at certain singular points. 

(2.) These singular points are the actual sources of the incident radiation, 

(3.) The functions u\ .../',... are continuous up to, and across, the aperture. 

(4.) At all points of the screen, not points of the aperture, they satisfy certain 
boundary conditions. 

The boundary conditions depend, to some extent, on the material of the screen ; 
and they will usually take the form that some components of electric or magnetic 
displacement vanish. The components, affected by the condition, are those of the 
displacement on the nearer side compounded of A and B, i.e., such quantities as 
u' + 11^ ; but, as B falls off rapidly, wdth increasing distance from the aperture, it 
will generally be sufficient to impose the boundary condition on the components of 
A only. 

We may now give the following interpretation of the analysis : — -The disturbance 
B, consisting of a system of standing waves, which are important in the neighbour- 
hood of the aperture only, can be described as the '^ effect of the aperture.'' The 
disturbance A can be described as '' the incident radiation, as modified by the action 
of the screen," The result of § 29 can be stated in the form : — The transmitted 
radiation is to be calculated from the incident radiation, as modified by the action 
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of the screen, in the same way as if this radiation passed freely through the 
aperture. 

This result differs from the ordinary optical rule, that the transmitted radiation 
is to be calculated from the incident radiation, unmodified, as if this radiation 
passed freely through the aperture. In the application of this rule no attention is 
paid to the boundary conditions at the screen. If we could assume that the 
disturbance at points of the aperture when the incident radiation is modified by the 
action of the screen, differs very little from the unmodified incident disturbance, then 
the result and the optical rule would be in practical agreement. The success of the 
optical rule seems to show that the modification of the incident radiation by the 
screen is unimportant, at points within the aperture, when the wave-length is short.] 

The result obtained may be applied with greater certainty when the disturbance 
on the nearer side of the screen has been calculated in accordance with a known 
boundary condition, holding over all the unperforated portion. This is the case 
when, instead of an incident train of waves, we have, on the nearer side, standing 
vibrations, for which the boundary condition is satisfied. In such a case, the values 
to be assigned to the components 

u{ cos KGt -\- 11^ sin K Gt , 



of the disturbance A, ... at points of the aperture, are the values that ii, . . . 
would have if the screen were unperforated. This remark applies to the problem of 
the communication of vibrations from a condensing system to the surrounding aether. 
We shall now take up this problem, having regard especially to the example of 
concentric spherical conducting surfaces, with a very thin dielectric plate between 
them, the outer surface being perforated by a small circular aperture. 



Electrical Oscillations between Concentric Spheres. 

31. It has been pointed out by Larmoe,^ that the most important modes of electrical 
oscillation in a condenser, with a thin dielectric plate, are those in which the charge 
surges over the conducting surfaces, the lines of electric force being always normal 
to these surfaces, and the lines of magnetic force tangential to them. In a condenser 
with concentric spherical conducting surfaces such modes of oscillation exist, what- 
ever the thickness of the dielectric plate may be ; and the analysis requisite for 
dealing with them has been developed by LAMB.f The required solutions of the 

"^ ' London Math. Soc. Proc.,' vol. 26 (1895), p. 119. 

t 'London Math. Soc. Proc.,' vol. 13 (1882), p. 51; or 'Hydrodynamics,' pp. 555, et seq. The 
notation here used will be that of the ' Hydrodynamics.' It is worth while to recall some of the properties 
of the functions \(/, defined in equations (77) : they satisfy the equations 
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fundamental equations are included among those obtained in § 10, by proper choice of 
the function <^q. 

Taking the centre of the spheres as origin, let oj,, denote any spherical solid 
harmonic, and write 

1 3 \^^ sin ? 



V^«(0-(-) 



? 3?/ r 






A;/;40 + B^40=x«(0> 



i> 



■ im 



J 



A and B being constants. Then, in the modes of oscillation under discussion, we 
have 



d 



{U, V, tv) = cos K Gt . Xu {kp) • (^ 9^ - 2 ^. 



a 



a 



0", 






lz 



d d 



dy 



dxj ^^' 



(^8), 



f = 



1 



2?^ + 1 



cos K Ot < 



{n + J ) x«-i (-^•) t; - «x.«.i(-'^)'<V^'"^|;fe)l (79), 



with similar formulae for g and h ; the value of k and the ratio A : B are to be found 
from the boundary conditions, which are that the electric force is normal to the 
bounding surfaces. 

The vector [f^ g, h) has a radial component of amount 



n (n + 1) cos K Gt r ^Xn {^^^) ^n 



. (80). 



If then we form a new vector from (f, g, /i), by resolving this radial component in 
the directions of the axes, and subtracting its resolved parts from f^ g, /i, the new 
vector will have the same tangential components at any sphere as (/*, g, h) has ; the x- 
component of the new vector is 



n(n + 1) 



cos K Ct 



_{x»M-Jx«-iM}^f 



1 x« ('^■'*) 



Q 



n 4- 1 



x...(-)|--|fe) 



(1+ i-'-^^^fi^){f-V«(0} = o, 

and these equations are also satisfied by 'V, and by Xi provided the constants A and B are supposed not to 
change with n. Eeductions made by using these equations will be introduced without remark. 
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or, what comes to the same things the new vector Is 



cos fC Gt 3 






'dcon da)n dcon\ , 2.1+1/ 9 9 3 



0).. ^ 



'n 



7x ' dy ^ cz 



dx ' 83/ ' 3a;/ \^r^'^+ 






and the condition that {/^ g^ h) should be radial, at the conducting surfaces r = r^ 
and r = r^, is that 

§Ar-*\n {}^r)} = (81) 



at r = 7\ and r = r^ These two equations determine the ratio A : B and the value 
of /c 

When the conducting surfaces are very near together, we have approximately 

or, in virtue of the differential equation, satisfied by Xn, 



K'T, 



^^(B + 1)? (82), 

a result otherwise obtained by Larmor/^ The ratio A:B is determined by the 
equation 

A|{r-'t|,„(,cr)} + B|-{r'-'%(Kr)} = 0,, (83), 

which holds for r = Tq, 

32. We consider, in particular, modes of oscillation, for which the axis z is an axis 
of symmetry. We take 

— - / Jl fi^ \ IX f, • • • » 9 • • •\C)'^/, 



Z 7 



fl , CO,, 



where P,,(ft) is the zonal surface harmonic (Legendre's coefficient) of order n. We 
find 



^ ^z ay V m 



3 ^i)|r-^-+^>P,(/x)^ 



%. 



L» 



3 
3^ 



3 \ 3"r~^ 



n\ V 'dz dyj dz'' 



n 1 






31 



3^«+- 



Now it is easy to showf that 

( — )« 3'¥"' 



?l I 



3;^^* 



1 f d~2n\ 

^z[h^ + i)P, + /^7^-^'[, 



w • 



. . . (85), 



* * London Matli. Soc. Proc.,' vol. 26. 
t One way of doing this is as follows : 



% 



! 3-2?'^ 



the coefficient of h^^ in the expansion of {x"^ + 3/^ + (^ -^ ]if]~-i ; 



also 



|a:2 + ^2 4. (^ ^ ^)2|-f ^ ^.--3 A „ 2^^ 4- ^ 
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and we deduce without difficulty that, when (o,^ = r'' P,^(ft), 

{u, V, IV) rr: COS /C Ci^ r'^^^X^, {/cr) - '' . [y, '—' x,0) . 



. (86). 



Forms for f, g, h could be obtained by a similar analysis ; but the values that they 
would take near the boundaries r^ and 7\ can be written down immediately from the 
formula (80), viz. : we have, at the boundaries, 

(/ 9^ h) = — n(7^ + 1) cosKCi^r''™^^^, (/cr) P,,(ja) . {x, y, z) , . . (87). 

When Tq and r^ are nearly equal, this formula holds approximately for all values of 
r that are involved. 

33. The kinetic energy of the mode of oscillation here discussed can be calculated 
without difficulty. We require the value of 



8 



TT 



u^ + '^'^ + "^^^0 ^^ 



fc^G^ . 



8 



sin^ K Qt dr 



TT 



dfji r'"+' ixu {kt) Y^ 27r (1 - /x^) 



n 



djjb j 



'Tn 



^ ('Yj _J_ 1 J 

^-^--^KVsin^KcH {r*^+^x4^^)}^^^ (^8). 



To calculate the integral in this expression, we have recourse to the differential 
equation 

r .j-2 .. /., , -1 \ "1 

• . . (89): 



dr 



^^ + ^2_'i(!L±_l)lf..«+i 



\ {r'"-' X„ {><>■)} = 0: 



a 9 






and the condition that 



d 
dr 



{r''^'Xn{Kr)\ ^ 



a a a Q 9 9 



• • (81) 



and 



Qt + F)-t 


^ - + (2/x I) i- 




_ . \ ,. /Om _. /a ^^ \ 1 




1/ + ^^^ ^^/xJ(l - 2M + l^ 




00 00 /-JT) 
- 2 /;-^^P,, + (2/x ™ I) 2 /^^^ -y ~ 

' i dii 




= 1 + 2; /{;«' 1 n + ^/A -^ - ■ — - — ; 
1 \ a\h d\i j 


^n relation 






d^n~\ __ ^ dVn _ ^^p^^ 
d[L dfx 
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at both boundaries. Taking k and k to be two possible values of k, and X and X' the 
corresponding forms of r'' '^^ ^^(Kr), we find 



(,,3 _ ^^2) xX'c/^ 






A. ~7^ — A - 

cIt dr 



and then, by the usual limiting process,^^' 



\^dr 



1 

2aJ 



clX elk 
dfc dr 



X 



d dX 
die dr 



~i 



t'n 



or 









1 

2 



n(n -{- 1) 



9 O 



<"''' iX"{'<^o)V 



{^-—^'^]rrnx»{-^-d]']- ■ (90) 



When Vj is very nearly equal to ro, this becomes, approximately, 



rrn 



'r'^^' {Xn {Kv)Ydr = (r^ - fj) /^-^ 7i {n + 1) ro^«[x« ('^'0)}' . . • (91). 



r, 



After the appropriate expression (90) or (91) has been substituted in the expression 
(88), the total energy, kinetic and potential, is to be obtained by suppressing the 
factor sin^ k Gt. Thus, when q\ is very nearly equal to 7%, the total energy of the 
oscillating charp^es on the condenser is 



71/ ('}% "4" IV 



2m + 1 



{tJjUJi 



Communication of Electrical Oscillations to External Mecliiim. 

34. When there is no aperture in the outer conductor, the oscillations considered 
in §§ 31-33 would, in the absence of dissipation due to imperfect conduction, continue 
indefinitely ; but they would not produce any effect in any external electrical system. 
When there is an aperture, we may take account of it by supposing that the displace- 
ments (magnetic and electric), in space external to the condenser, are of the character 
corresponding to waves diverging from sources distributed over the- aperture only, 
and that the displacements within the dielectric plate of the condenser differ from 
those, which would be found in a normal mode of oscillation, by the superj)osition of 
displacements corresponding to a system of standing waves, which are insensible 
except in the immediate neighbourhood of the aperture. We may suppose the 



^ Cf, Lord Eayleigh, ' Theory of Sound/ vol. 1, p. 325. 
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diverging waves, and the standing waves, thus introduced, to have the same period 
as the oscillations in the normal mode ; and then the displacements corresponding 
to them will be determined, as in § 29, by the conditions that the electric and 
magnetic displacements must be continuous across the aperture. As we are con- 
cerned rather with the general features of the transmission of disturbances across an 
aperture than with special details, we may select any normal mode of oscillation for 
examination^ We shall suppose the aperture to be a circle of radius a, small com- 
pared with the distance r^ — r^ between the conducting surfaces ; and we shall con- 
sider particularly modes of oscillation symmetrical about the axis of the circle, taken 
as axis of z, 

35. For the calculation of the energy dissipated we shall take, in the notation 

of §25, 

/ - ~.\ n(n + 1) , , s. I , f r.\ 

~ £ . (jj\ "^ x\ 0), say, , (93), 

where - — ,: — ~ has been written for ( 7™' | ; and we shall take 

- — 77 • {Ju , tV 5 / nj. say, , . . <. o . . . « . I «74fc I, 

these being with sufficient approximation the values obtained in § 32 ; the normal 
mode of oscillation here discussed will accordingly be one for which the axis z is an 
axis of symmetry. 

We have now to find the most important terms in 47r^^^, ... at a great distance 
from the aperture, the values above written being substituted for 7ij, .... We 
shall take R for the distance of the point {x, y, z) from the centre of the aperture, 
and, whenever we wish to do so, we shall expand r in the form 

r — R + x' -"- + y --'- + . . . . 

It ±h 

Now, taking 47n/ .^ , the first line of equation (63) is 



+ cos K {€t -—Ji) [1 —K^ {xx + 3/?/)}] dxd]/ 

approximately, where the integration is taken over the area within the circle 
x'^ + y^ :=^ a?, and terms of order higher th.au x'^ have been neglected. The most 
important part of this is 

^ T ^ E E ~ E 
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which is of order R~^ cos/<:{c^ — R), the right order when R is great. We treat 
every term exactly as this term has been treated. The second hne of Anu^ is of 
order R""^ cos k (ct — R), and is to be rejected ; the third Hne gives 

TTCC^ xhj sin ic{Gt ■— E) 

T ^^ 1^ i^""""^ ' 

and the fourth hne gives 

7r/2^' y ?/ -\- (z — r^y sin /c (ct, — il) 

Hence the most important part of tf.^ at a distance from the aperture is 



j~ \ ^ ~^^^^^ cos K {at — H) — 7) H sin k {ot — U] 



In Kke manner the most important part of v^ is 



f ^-— ^r^j"^^- COS K [Ct •— R) •— 7] ~- sni K (C/^ — h) y , 



and all the terms of tv^ are of a higher order than these. 



The results just obtained can be written 



(u^, v.^^ 10+) = T-r~ < K^ ^^-^0 eos K{Gt ■— R) — T^ siu K (c^ — R) V . f — 7^ , - , j (95). 

By a similar process it may be shown that the approximate forms for f+^ g+, h+ at 
a great distance from the aperture are given by the equation 



Hp'a^ I ^ z — 0", 



(/+? 9+^ f^+) = T^ \ f<i p " sin K (c^ — R) + ^ cos k {oi — R) 



^ (^ - r^) ?/ (z - Tq) x^ + if\ .. 



9 



E^ ' E^ ' E^ / 

We observe that the value of the magnetic force {u+, v+, w+) at a great 
distance is 



16E 1'^^ E —-\- -f • .,^^^.^,^^ -/['\p^^ j> 



(tU, v+, w+) =: o~ \k^ ^~ir"^ si^^ K (c^ — R) + -^ cos K (ot — R) I . (|, — - , 



-^ / 

so that the factors, that contain t, are the same for the electric and magnetic forces at 
a great distance from the aperture. 

36. Now let /, m, n be the direction cosines of the normal to a closed surface S 
drawn in a specified direction (inwards or outwards) ; then the rate at which energy 

G 2 
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is transmitted across the surface, in the sense of the normal (I, m, n)^ is, by 

Poynting'b Theorem, 



c^ 



{I {gib — hv) + m (hu —fw) + n (fv — gu)} d8 . . . (98). 



We can, therefore, find the rate of dissipation of energy from the condenser, by 
forming this integral, for a sphere of large radius, R, and for the functions u^^^ y^., . e ., 
the normal being drawn outwards. 

If we write, for brevity, 

X = /R, y = mR, z — r^ = ?^R, k (ct — R) r=: xfs^ 
the rate of dissipation is 

T"[~j T>2 \{Kt^ sin xjj + ri cos r/;)'^ [P {P + m^) + m^ {P + m^) + ?^^ (Z' + m")] dS 

(99), 



e ft 



taken over the sphere ; and the amount of energy transferred across the sphere in a 
period, 27t/{k c), is given by the expression^^ 



C^ /a\^ K^ TT 



47r \2/ R^ fcG 
or it IS 



{K'en' + r)'){P+m^)dB, ..... (100), 



e . ft 



c^^ /a'-'S 



7r 



^ 27r j {K^e cos^ 6^ + K^T^^) sin-^ dd 

which is 



2/ \ 15 o 



^'c^-: T + f (101). 



Restoring the values of ^ and t^, this expression becomes 



a^^ 



IttC^ (^2J '^'^'' ('' + 1 )' '^o'"~ * { X« ('^''o) } ' ( ^ + TO «%'), . . . .{102), 

where n is now the order of the spherical harmonic involved in the oscillations. 

When r^ — i\ is small compared with rg, the fraction of the total energy, which is 
dissipated in one period, is obtained by dividing the exj)ression here written by the 
expression (92) ; it is 

in (^n + I) {^r^ {I + i^ ^r^ ^^^^-~^; . . . . .(103); 

'^ The expression shows that equal amounts of energy are transmitted across the hemisphere in front of 
the aperture and that behind. This arises from the circumstance that the wave4ength is of the same order 
of magnitude as the radius of the outer conducting surface, so that the waves bend completely round that 
surface. 
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and, at any rate when n is not too great, this is a very small fraction, if r^ — i\ is 
large compared with a, as has been supposed throughout the investigation. 

37. The form of the result shows that the number of vibrations of the hip'her 
modes, that are executed before the disturbance sinks into insignificance, is much less 
than that of the lower ones. The occurrence of r^ -— i\ in the denominator of (103) 
suggests that the principal factor in securing permanence of the vibrations is not the 
capacity of the vibrating system, but the screening action of the external conductor. 
The latter point might be illustrated further by considering the example of a spherical 
condenser, in the case where r^ is small compared with rg. The boundary condition 
at the inner surface can be satisfied approximately by putting, in equation (83), 
B =: ; and the frequency is determined by the equation 

|:{^"''V.M1 -^ (104), 

when r =. Vq. The total energy, for a mode of oscillation given by o),, = r'' P«(/x)5 is 



and the energy dissipated in a period is 

/ff\S 



TTcf [^j kH^ {n + 1)^ r,'^^-' {xIj, (Kro)}2 (1 + ^1) '^'^^o') ; • • (106) , 

and it is clear that the fraction of the total energy dissipated in one period is of the 
same order of magnitude as before, except that {ci/r^^Y ^^ substituted for the product 
of {otlr^y and {ci/{rQ — r^)]. For the mode of least frequency 7«. = 1, and we liave 
kTq =2*75 nearly, ^^ instead of 1*41, its value when Tj is nearly equal to Tq ; and thus 
the fraction in question becomes approximately 



827r ( --^ ) , instead of being approximately 127r I — J - 



"^ ^1 



or the rate of dissipation of energy, for the spherical condenser, is less when the 
capacity is very small than when it is very large. 



^ .Q 



See J. J. Thomson, ' Eecent Eesearches,' p. 373. 



